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Capitulation, unit groups, and the cohomology of S-ide`le
classes
SAIKAT BISWAS
Abstract. Let L/K be a finite, cyclic extension of number fields
with Galois group G, and let S be a finite set of primes of K
that includes all the infinite primes. In this paper, we study the
G-cohomology of the S-ide`le classes of L and relate it to the S-
capitulation map jL/K,S : ClK,S → Cl
G
L,S as well as to the G-
cohomology of the S-unit group UL,S.
1. Introduction
Consider a finite, Galois extension L/K of number fields having Ga-
lois group G. Let S be a finite set of primes of K containing the set
S∞ of all infinite primes of K. We also denote by S the set of primes
of L that divide the primes of K contained in S. Let UK,S and ClK,S
denote, respectively, the S-unit group and the S-ideal class group of
K, and let UL,S and ClL,S denote the corresponding groups of L. The
extension of ideals from K to L induces the S-capitulation map
jL/K,S : ClK,S → Cl
G
L,S
The kernel of jL/K,S, also called the S-capitulation kernel of L/K, cor-
responds to S-ideal classes in K that become principal (i.e. capitulate)
in L. On the other hand, the ideal classes in ClGL,S are also known as
the ambiguous S-ideal classes in L. Thus the cokernel of jL/K,S classi-
fies the ambiguous S- ideal classes of L, up to equivalence, that do not
arise from the S-ideal classes in K.When S = S∞, we usually drop it
from the notation.
The forerunner of all results on capitulation is Hilbert’s Theorem 94
[Hil97] according to which if L/K is a finite, cyclic, and unramified
extension of number fields, then the degree [L : K] divides ker jL/K,
i.e. there are at least [L : K] ideal classes in K that capitulate in L.
This eventually led to the classical Principal Ideal Theorem of class field
theory, conjectured by Hilbert and proved by Fu¨rtwangler, which states
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that every ideal class inK capitulates in the Hilbert class field ofK. We
refer to [Gra03, Thm II.5.8.3] for a generalized version of this theorem.
Miyake conjectured in [Miy89] that if L/K is an Abelian, everywhere
unramified (including infinity) extension then at least [L : K] ideal
classes in K capitulate in L. This assertion, which generalizes both
Hilbert’s Theorem 94 and the Principal Ideal Theorem, was proved by
Suzuki in [Suz91] and was further generalized by Gruenberg and Weiss
in [GW00]. We refer to [Sch85], [Gra03], and [Miy89] for a survey
of results pertaining to the capitulation problem. While most of these
results deal predominantly with the kernel of the capitulation map, the
corresponding results about the cokernel of the capitulation map seem
to be somewhat sparse with the possible exception of [Gon07] which
presents results on the cokernel of the S-capitulation map.
In this paper, we first present an ide`le-theoretic interpretation for
the kernel and cokernel of the S-capitulation map. Let IK,S be the
S-ide`le group of K. The group IK,S contains the group UK,S, and the
quotient CK,S := IK,S/UK,S is called the group of S-ide`le classes of K.
Similarly, we can define the group IL,S as well as the quotient group
CL,S = IL,S/UL,S. There is a G-module structure on both IL,S and
UL,S, which in turn induces a G-module structure on CL,S. However,
there is a failure of Galois descent on CL,S since CK,S is not always the
fixed module CGL,S. We prove that
Theorem 1.1. Suppose L/K is a finite, cyclic extension of number
fields with Galois group G. Then there are isomorphisms
ker jL/K,S ∼= C
G
L,S/CK,S
coker jL/K,S ∼= H
1(G,CL,S)
In particular, the S-capitulation kernel of L/K measures the failure
of Galois descent for CL,S, while H
1(G,CL,S) measures the failure of
Galois descent for ClL,S when Galois descent holds for CL,S.
It follows immediately that
Corollary 1.2. The index [CGL,S : CK,S] divides hK,S, where
hK,S := [ClK,S]
is the S-class number of K.
Let v be any prime of K and w be a prime of L that divides v. Let
Kv and Lw be the completions ofK and L at the corresponding primes,
and let Uv and Uw be the unit groups of Kv and Lw, respectively. Let
Gw be the decomposition group of w over K, also considered as the
Galois group of Lw/Kv. There is a Gw-module structure on both L
×
w
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and Uw, so that the groups H
i(Gw, L
×
w) and H
i(Gw, Uw) are defined.
The group UL,S has the structure of a G-module, and we consider the
localization maps
λiS : H
i(G,UL,S) −→
(⊕
v∈S
H i(Gw, L
×
w)×
⊕
v/∈S
H i(Gw, Uw)
)
We define the groups XiS(G,UL,S) and B
i
S(G,UL,S) by
X
i
S(G,UL,S) = ker λ
i
S
B
i
S(G,UL,S) = coker λ
i
S
In this paper, we present results pertaining to XiS(G,UL,S) and
B
i
S(G,UL,S) for i = 1, 2. To begin with, we show that
Theorem 1.3. There are isomorphisms
X
1
S(G,UL,S)
∼= CGL,S/CK,S
X
2
S(G,UL,S)
∼=
(
UK,S ∩ Nm(L
×)
)
/Nm(UL,S)
where UK,S ∩ Nm(L
×) is the subgroup of S-units in K that are norms
of elements of L.
The first isomorphism in Theorem 1.3 implies that CGL,S/CK,S may
be identified with the subgroup of H1(G,UL,S) that are locally trivial
at all primes outside S. In particular, Galois descent holds for CL,S if
and only the local-global principle holds for UL,S.
As noted earlier, the ideal classes in ClGL,S are also known as the
ambiguous S-ideal classes. If σ is a generator of the cyclic group G,
then an ambiguous ideal a ∈ ClGL,S is called strongly ambiguous if a
σ−1
is the group of S-ideals of L. Denoting by Amst(L/K, S) the group
of strongly ambiguous S-ideal classes of L, it can be shown that the
S-capitulation map induces the map
j′L/K,S : ClK,S → Amst(L/K, S)
It is known that ker j′L/K,S
∼= ker jL/K,S. We prove, on the other hand,
that
Theorem 1.4. There is an isomorphism
coker j′L/K,S
∼= B1S(G,UL,S)
Moreover, there is an exact sequence
1→ B1S(G,UL,S)→ H
1(G,CL,S)→X
2
S(G,UL,S)→ 1
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Thus, the group B1S(G,UL,S) classifies the strongly ambiguous S-
ideal classes in L, up to equivalence, that do not arise from the S-ideal
classes in K. Furthermore, it follows from Theorems 1.1 and 1.4 that
the group X2S(G,UL,S) measures the difference between the cokernels
of the maps jL/K,S and j
′
L/K,S.
As for the group B2S(G,UL,S), we prove that
Theorem 1.5. There is an isomorphism
B
2
S(G,UL,S)
∼= CK,S/Nm(CL,S)
We also compute the orders of BiS(G,UL,S) for i = 1, 2.
Theorem 1.6. We have
[B1S(G,UL,S)] =
[CGL,S : CK,S] eL/K,S
[L : K][UK,S : Nm(UL,S)]
[B2S(G,UL,S)] = [CK,S : Nm(CL,S)]
=
eL/K,S
[UK,S : UK,S ∩Nm(L×)]
where
eL/K,S =
∏
v∈S
nv
∏
v/∈S
e(v)
with nv = [Lw : Kv] and e(v) the ramification index of v in L.
As we prove in this paper, the first equality in Theorem 1.6 can be
used to establish a generalization of Hilbert’s Theorem 94, giving a
lower bound on the size of the S-capitulation kernel. We also prove
a dual result giving a lower bound on the size of the S-capitulation
cokernel. Both results are also proved in [Gon07]. As for the second
equality in Theorem 1.6, we note that the S-units in UK,S ∩ Nm(L
×)
coincide with the units that are local norms everywhere outside S.
Hence, the index [UK,S : UK,S ∩ Nm(L
×)] can be computed purely
locally, and likewise for the group B2S(G,UL,S).
In section 2, we state and prove some classical results on the group
of S-ideals, the group of S-units, and the group of S-ide`le classes. In
particular, we prove the S-version of Chevalley’s ambiguous class num-
ber formula. In section 3, we state and prove the main results of this
paper. We begin by relating the S-ide`le classes to the S-capitulation
map. We then relate the cohomology of the S-ide`le classes to the co-
homology of the S-units. Finally, we establish a result on the S-units
and S-ideals when S is sufficiently large.
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2. Preliminaries
Throughout, we fix a finite, cyclic extension L/K of number fields
with Galois group G. We also fix a finite set S of primes of K that
contains the set S∞ of infinite primes. In this setting, we state and
prove some preliminary results that will be needed for proving the
main theorems.
Let JK be the group of all fractional ideals of K and JK,S be the
group of fractional ideals of K generated by the primes outside S. In
particular, we have
JK ∼=
⊕
v
Z and JK,S ∼=
⊕
v/∈S
Z
Let UK and ClK be, respectively, the unit group and the ideal class
group of K. These groups are defined by the exactness of the sequence
1→ UK → K
× → JK → ClK → 1
where the map K× → JK associates to each α ∈ K
× the principal ideal
(α) ∈ JK . On the other hand, the group of S-units of K, denoted by
UK,S, and the S-ideal class group of K, denoted by ClK,S, are defined
by the exactness of the sequence
1→ UK,S → K
× → JK,S → ClK,S → 1
We denote by hK := [ClK ] the class number ofK and by hK,S := [ClK,S]
the S-class number of K. There is a natural projection map JK → JK,S
and applying [Lem11, Cor 2] to the composition K× → JK → JK,S, we
get the exact sequence
1→ UK → UK,S →
⊕
v∈S
Z→ ClK → ClK,S → 1
We know that UK is finitely generated, by Dirichlet’s Unit Theorem
[Cas67, §18 Theorem]. Furthermore, the group ClK is finite by [Cas67,
§17 Theorem]. It follows from the above exact sequence that
Lemma 2.1. The group UK,S is finitely generated and the group ClK,S
is finite.
The S-ide`le group of K is defined as
IK,S =
∏
v∈S
K×v ×
∏
v/∈S
Uv
Here, Kv denotes the completion of K at v and Uv is the group of units
in Kv. Thus IK,S is the group of ide`les of K whose components are
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units at all primes outside S. Let IK be the full ide`le group of K. It is
defined as
IK =
⋃
S
IK,S
where the union is over the set of all finite set S of primes of K. The
next proposition determines the quotient IK/IK,S.
Proposition 2.2. There is a canonical exact sequence
1→ IK,S → IK
pi
−→ JK,S → 1
Proof. Let v /∈ S be a prime of K and let ordv be the normalized
valuation of Kv. For an ide`le x = (xv) ∈ IK , we have xv ∈ Uv for
almost all v /∈ S, so that ordv(xv) = 0. Hence, for all primes v /∈ S,
the map
x = (xv)→
∏
v/∈S
vordv(xv)
defines a canonical homomorphism pi from IK onto JK,S. Furthermore,
x ∈ ker pi if and only if ordv(xv) = 0 for every v /∈ S, i.e., if and only if
the components of x are units at all primes outside S, thus if and only
if x ∈ IK,S. 
Theorem 2.3. There is an exact sequence
1→ UK,S → IK,S → CK → ClK,S → 1
where CK is the ide`le class group of K.
Proof. By [Lan86, VII §3], K× is diagonally embedded in IK , and the
ide`le class group CK of K is defined by the exactness of the sequence
1→ K× → IK → CK → 1
Consider now the commutative diagram
1 // K× //
β

IK //
pi

CK //

1
1 // JK,S
∼=
// JK,S // 1
Snake Lemma yields the exact sequence
1→ ker(β)→ ker(pi)→ CK → coker(β)→ coker(pi)→ 1
Substituting the kernels and cokernels of β and pi, we obtain the req-
uisite exact sequence. 
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Thus, the group IK,S contains the S-unit group UK,S. The quotient,
denoted by
CK,S = IK,S/UK,S,
is called the group of S-ide`le classes of K. It immediately follows from
Theorem 2.3 that
Theorem 2.4. The group of S-ide`le classes of K is contained in the
ide`le class group of K, and we have an isomorphism
ClK,S ∼= CK/CK,S
In particular, we have
[CK : CK,S] = hK,S
The S-ide`le group of L is likewise defined as
IL,S =
∏
w∈S
L×w ×
∏
w/∈S
Uw =
∏
v∈S

∏
w|v
L×w

×∏
v/∈S

∏
w|v
Uw


Consequently, we have
H i(G, IL,S) ∼=
∏
v∈S
H i(G,
∏
w|v
L×w)×
∏
v/∈S
H i(G,
∏
w|v
Uw)
The action of G on
∏
w|v L
×
w permutes the factors , and the subgroup
of G that carry a given factor L×w into itself is the decomposition group
Gw of w. It follows that
∏
w|v L
×
w is the G-module induced by the Gw-
module L×w . Semilocal theory [Lan86, IX §1] then shows that, for any
fixed prime w dividing v, we have canonical isomorphisms
H i(G,
∏
w|v
L×w)
∼= H i(Gw, L
×
w)
and
H i(G,
∏
w|v
Uw) ∼= H
i(Gw, Uw)
Note that H2(Gw, L
×
w) = Br(Lw/Kv) has order nv = [Lw : Kv] by
[Ser67, §1, Cor. 2], while H1(Gw, L
×
w) is trivial by Hilbert’s Theorem
90. On the other hand, H2(Gw, Uw) has order e(v), the ramification
index of v in Lw, by [Lan86, XI, §4, Cor to Thm 4]. Next, the exact
sequence
1→ Uw → L
×
w
ordw−−→ Z→ 1
of Gw-modules induces the exact sequence
1→ Uv → K
×
v
ordw−−→ Z→ H1(Gw, Uw)→ 1
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where the 1 on the right follows from Hilbert’s theorem 90. Since
the cokernel of the map K×v
ordw−−→ Z has order e(v), it follows that
H1(Gw, Uw) has order e(v) as well. We have thus shown that
Theorem 2.5. There is a canonical isomorphism
H i(G, IL,S) ∼=
⊕
v∈S
H i(Gw, L
×
w)×
⊕
v/∈S
H i(Gw, Uw)
Note that H0(Gw, L
×
w) = Kv and H
0(Gw, Uw) = Uv, which immedi-
ately imply that
Lemma 2.6. IGL,S
∼= IK,S
We denote the order of the groups H i by hi (if they are finite) and
the Herbrand quotient by h2/1 = h2/h1. It follows from Theorem 2.5
that
Theorem 2.7.
h2/1(IL,S) =
∏
v∈S
nv
By Theorem 2.3, we have an exact sequence of G-modules
1→ UL,S → IL,S → CL,S → 1
so that, by [AW67, §8, Prop. 10], we have
h2/1(CL,S) =
h2/1(UL,S)
h2/1(IL,S)
Substituting from Theorem 2.7 and [Lan86, IX §5, Cor 2], we get
Theorem 2.8.
h2/1(CL,S) = [L : K]
We now use the ide`le-theoretic results obtained thus far to prove
some known ideal-theoretic results. We begin by measuring the failure
of Galois descent for the S-ideal group JL,S.
Lemma 2.9.
[JGL,S : JK,S] =
∏
v/∈S
e(v)
Proof. By Proposition 2.2, we have an exact sequence
1→ IL,S → IL → JL,S → 1
of G-modules. The induced long exact sequence of cohomology yields
1→ IGL,S → I
G
L → J
G
L,S → H
1(G, IL,S)→ H
1(G, IL)
Capitulation, unit groups, and the cohomology of S-ide`le classes 9
Note that
IGL,S
∼= IK,S by Lemma 2.6
IGL
∼= IK by [Tat67, §7, Prop 7.3]
and H1(G, IL) is trivial by [Tat67, §7, Cor 7.4]
Hence, the exact sequence above can be given as
1→ JK,S → J
G
L,S → H
1(G, IL,S)→ 1
which implies that
[JGL,S : JK,S] = [H
1(G, IL,S)]
=
∏
v/∈S
[H1(Gw, Uw)]
=
∏
v/∈S
e(v)

Now note that
1→ UL,S → L
× → JL,S → ClL,S → 1
is an exact sequence of G-modules. Denoting the image of L× → JL,S
by PL,S, we obtain two short exact sequences of G-modules
(2.1) 1→ UL,S → L
× → PL,S → 1
and
(2.2) 1→ PL,S → JL,S → ClL,S → 1
The short exact sequence (2.2) induces the long exact sequence
1→ PGL,S → J
G
L,S → Cl
G
L,S → H
1(G,PL,S)→ H
1(G, JL,S)
By Shapiro’s lemma [Lan86, IX §2, Lemma 3], we have
H1(G, JL,S) ∼=
⊕
v/∈S
H1(Gw,Z)
where Gw is the decomposition group at w|v. But H
1(Gw,Z) = 1, so
that
H1(G, JL,S) = 1
Hence, the long exact sequence above reduces to
(2.3) 1→ JGL,S/P
G
L,S → Cl
G
L,S → H
1(G,PL,S)→ 1
The ideal classes in ClGL,S are known as ambiguous S-ideal classes, and
denoted by Am(L/K, S). In particular, for G = 〈σ〉, an ideal class
[a] ∈ ClL,S is ambiguous if [a]
σ = [a], i.e. there exists α ∈ L× such that
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a
σ−1 = (α). If α ∈ UL,S, i.e. a
σ−1 = (1), we say that the class [a] is
strongly ambiguous. The set of all strongly ambiguous S-ideal classes
is denoted by Amst(L/K, S), and it is clear that
Amst(L/K, S) = J
G
L,S/P
G
L,S
The next lemma measures the difference between the ambiguous and
the strongly ambiguous S-ideal classes. This may be considered as the
S-version of [Lem13, Prop. 1].
Lemma 2.10. There is an exact sequence
1→ Amst(L/K, S)→ Am(L/K, S)→
(
UK,S ∩Nm(L
×)
)
/Nm(UL,S)→ 1
Proof. By the exact sequence (2.3), it suffices to show that
H1(G,PL,S) ∼=
(
UK,S ∩ Nm(L
×)
)
/Nm(UL,S)
The exact sequence (2.1) of G-modules induces, using Hilbert’s Theo-
rem 90, the cohomology sequence
1→ H1(G,PL,S)→ H
2(G,UL,S)→ H
2(G,L×)
Since G is cyclic, periodicity of the cohomology groups implies that the
above sequence may also be given as
1→ H1(G,PL,S)→ UK,S/Nm(UL,S)→ K
×/Nm(L×)
which immediately gives us the desired isomorphism. 
We have the following ambiguous S-class number formula, which
may be compared with [Lem13, Thm. 1] as well as with [Lan90, XIII,
§4, Lem. 4.1].
Theorem 2.11 (Ambiguous S-class number formula). We have
[Am(L/K, S)] =
hK,S eL/K,S
[L : K][UK,S : UK,S ∩Nm(L×)]
[Amst(L/K, S)] =
hK,S eL/K,S
[L : K][UK,S : Nm(UL,S)]
where
eL/K,S =
∏
v∈S
nv
∏
v/∈S
e(v)
with nv = [Lw : Kv] and e(v) the ramification index of v.
Proof. By Lemma 2.10, it suffices to prove the formula for
[Amst(L/K, S)] = [J
G
L,S : P
G
L,S]
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To begin with, by Lemma 2.9, we have
[JGL,S : JK,S] =
∏
v/∈S
e(v)
On the other hand, the long exact sequence of cohomology groups
induced by the short exact sequence (2.1) gives the exact sequence
1→ PK,S → P
G
L,S → H
1(G,UL,S)→ 1
where the 1 on the right follows from Hilbert’s theorem 90. This implies
that
[PGL,S : PK,S] = h1(UL,S) =
h2(UL,S)
h2/1(UL,S)
=
[UK,S : Nm(UL,S)][L : K]∏
v∈S
nv
where the last equality follows from [Lan86, IX §5, Cor 2]. Thus we
have
[Amst(L/K, S)] = [J
G
L,S : P
G
L,S]
=
[JGL,S : PK,S]
[PGL,S : PK,S]
=
[JGL,S : JK,S][JK,S : PK,S]
[PGL,S : PK,S]
= hK,S
[JGL,S : JK,S]
[PGL,S : PK,S]
= hK,S
∏
v/∈S
e(v)
1
[L : K][UK,S : Nm(UL,S)]
∏
v∈S
nv
=
hK,S eL/K,S
[L : K][UK,S : Nm(UL,S)]

3. Main Results
We now prove the main results of this paper. We begin with an
alternative description of the kernel and cokernel of the S-capitulation
map.
Theorem 3.1. Suppose that L/K is a finite cyclic extension of num-
ber fields with Galois group G, and let S be a finite set of primes of
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K containing the infinite primes. Let ClK,S and ClL,S denote the S-
class groups of K and L respectively, and let CK,S and CL,S denote the
corresponding S-ide`le classes. Then there is an exact sequence
1→ CGL,S/CK,S → ClK,S
jL/K,S
−−−−→ ClGL,S → H
1(G,CL,S)→ 1
where jL/K,S is the S-capitulation map.
Proof. By Theorem 2.4, there is an exact sequence
1→ CL,S → CL → ClL,S → 1
of G-modules. The corresponding long exact sequence of cohomology
yields
1→ CGL,S → C
G
L → Cl
G
L,S → H
1(G,CL,S)→ H
1(G,CL)
By [Tat67, §8, Prop 8.1], we have CGL = CK and, by [Tat67, §9, Thm
9.1], we find that H1(G,CL) is trivial. We thus get the exact sequence
1→ CGL,S → CK → Cl
G
L,S → H
1(G,CL,S)→ 1
which can be modified to the exact sequence
1→ CGL,S/CK,S → CK/CK,S → Cl
G
L,S → H
1(G,CL,S)→ 1
By Theorem 2.4 again, we have CK/CK,S ∼= ClK,S so that the exact
sequence becomes
1→ CGL,S/CK,S → ClK,S
jL/K,S
−−−−→ ClGL,S → H
1(G,CL,S)→ 1

Thus we have
ker jL/K,S ∼= C
G
L,S/CK,S
coker jL/K,S ∼= H
1(G,CL,S)
In particular, the S-capitulation kernel measures the failure of Galois
descent for the G-module CL,S. If Galois descent holds for CL,S, then
the group H1(G,CL,S) measures the failure of Galois descent for ClL,S.
The following corollary is immediate.
Corollary 3.2. The index [CGL,S : CK,S] divides hK,S.
Proposition 3.3. Under the hypothesis of Theorem 3.1, we have
[CK,S : Nm(CL,S)] =
eL/K,S
[UK,S : UK,S ∩ Nm(L×)]
In particular, the index [CK,S : Nm(CL,S)] divides eL/K,S.
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Proof. It follows from Theorem 2.8 that
[CGL,S : Nm(CL,S)] = h2(CL,S) = [L : K] h1(CL,S)
On the other hand, the exact sequence in Theorem 3.1 implies that
h1(CL,S) = [C
G
L,S : CK,S]
[ClGL,S]
hK,S
Thus we get
[CGL,S : Nm(CL,S)] = [C
G
L,S : CK,S] [L : K]
[ClGL,S]
hK,S
Hence,
[CK,S : Nm(CL,S)] =
[CGL,S : Nm(CL,S)]
[CGL,S : CK,S]
= [L : K]
[ClGL,S]
hK,S
=
eL/K,S
[UK,S : UK,S ∩ Nm(L×)]
where the last equality follows from Theorem 2.11. 
We now study the cohomology of UL,S, the S-unit group of L. The
inclusions
UL,S ⊂ L
×
w for v ∈ S
and UL,S ⊂ Uw for v /∈ S
imply that, for i = 1, 2, we can define the localization maps
λiS : H
i(G,UL,S)→
⊕
v∈S
H i(Gw, L
×
w)×
⊕
v/∈S
H i(Gw, Uw)
Define
X
i
S(G,UL,S) := ker λ
i
S
B
i
S(G,UL,S) := coker λ
i
S
Theorem 2.5 implies that
Lemma 3.4. For i = 1, 2, there is an exact sequence
1→XiS(G,UL,S)→ H
i(G,UL,S)
λiS−→ H i(G, IL,S)→ B
i
S(G,UL,S)→ 1
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By Theorem 2.3, there is an exact sequence of G-modules
1→ UL,S → IL,S → CL,S → 1
We have UGL,S = UK,S, and Lemma 2.6 gives I
G
L,S = IK,S. It follows that
the induced long exact sequence of cohomology groups can be given as
1→ CGL,S/CK,S → H
1(G,UL,S)
λ1S−→ H1(G, IL,S)→ H
1(G,CL,S)
→ H2(G,UL,S)
λ2S−→ H2(G, IL,S)→ H
2(G,CL,S)
→ H3(G,UL,S)→ H
3(G, IL,S)
Since the cohomology of cyclic groups is periodic, we can split up
this long exact sequence into three exact sequences as
(3.1)
1→ CGL,S/CK,S → H
1(G,UL,S)
λ1S−→ H1(G, IL,S)→ B
1
S(G,UL,S)→ 1
(3.2) 1→ B1S(G,UL,S)→ H
1(G,CL,S)→X
2
S(G,UL,S)→ 1
(3.3) 1→ B2S(G,UL,S)→ H
2(G,CL,S)→X
1
S(G,UL,S)→ 1
Lemma 3.4 and the exact sequence (3.1) immediately imply that
Theorem 3.5. There is an isomorphism
CGL,S/CK,S
∼= X1S(G,UL,S)
Theorem 3.5 and Theorem 3.1 imply the following result, which also
appears in [Sch85, §1 Satz 2] for the case S = S∞.
Corollary 3.6. There is an isomorphism
ker jL/K,S ∼= X
1
S(G,UL,S)
We now use the exact sequence (3.1) to calculate the order ofB1S(G,UL,S).
We have
[B1S(G,UL,S)] = [C
G
L,S : CK,S]
h1(IL,S)
h1(UL,S)
= [CGL,S : CK,S]
∏
v/∈S
e(v)
h2/1(UL,S)
h2(UL,S)
= [CGL,S : CK,S]
∏
v/∈S
e(v)
1
[UK,S : Nm(UL,S)]
∏
v∈S
nv
[L : K]
We have thus proved that
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Theorem 3.7. The group B1S(G,UL,S) is finite and its order is given
by
[B1S(G,UL,S)] =
[CGL,S : CK,S]
[UK,S : Nm(UL,S)]
eL/K,S
[L : K]
Suppose that [L : K] = n and d = gcd(n, eL/K,S). Let n
′ and e′ be
the integers defined by
n′ = n/d and e′ = eL/K,S/d
By Theorem 3.7, we have
(3.4) n′ [B1S(G,UL,S)] [UK,S : Nm(UL,S)] = e
′ [CGL,S : CK,S]
Since gcd(n′, e′) = 1, it follows that n′ divides the index [CGL,S : CK,S] =
[ker jL/K,S]. We thus obtain the following generalization of Hilbert’s
Theorem 94, also proved in [Gon07].
Theorem 3.8. Assume the hypothesis of Theorem 3.1 and suppose that
L/K has degree n. Then there are at least n′ S-ideal classes in K that
become principal in L, where
n′ =
n
gcd(n, eL/K,S)
In particular, n′ divides the S-class number hK,S.
Using the exact sequence (3.2), Theorem 3.1, and Theorem 3.7, we
get
[X2S(G,UL,S)] =
[H1(G,CL,S)]
[B1S(G,UL,S)]
=
[coker jL/K,S]
[ker jL/K,S]
[L : K][UK,S : Nm(UL,S)]
eL/K,S
=
[Am(L/K, S)]
hK,S
[L : K][UK,S : Nm(UL,S)]
eL/K,S
=
[Am(L/K, S)][L : K]
hK,S eL/K,S
[UK,S : Nm(UL,S)]
=
[UK,S : Nm(UL,S)]
[UK,S : UK,S ∩Nm(L×)]
where the last equality follows from Theorem 2.11.This shows that
Theorem 3.9. There is an isomorphism
X
2
S(G,UL,S)
∼= UK,S ∩Nm(L
×)/Nm(UL,S)
Comparing Theorem 3.9 with Lemma 2.10, we obtain
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Corollary 3.10. There is an exact sequence
1→ Amst(L/K, S)→ Am(L/K, S)→X
2
S(G,UL,S)→ 1
In particular, the group X2S(G,UL,S) measures the difference between
the ambiguous S-ideal classes and the strongly ambiguous S-ideal classes.
Now note that the S-capitulation map jL/K,S : ClK,S → Am(L/K, S)
induces the map
j′
L/K,S
: ClK,S → Amst(L/K, S)
Applying [Lem11, Cor 2] to the composition
ClK,S → Amst(L/K, S)→ Am(L/K, S)
yields the isomorphism
ker j′
L/K,S
∼= ker jL/K,S
as well as the exact sequence
1→ coker j′
L/K,S
→ coker jL/K,S →X
2
S(G,UL,S)→ 1
Comparing this exact sequence with the exact sequence (3.2) and using
Theorem 3.1, we obtain
Theorem 3.11. There is an isomorphism
coker j′L/K,S
∼= B1S(G,UL,S)
We now use the exact sequence (3.3) and Theorem 3.5 to obtain
[B2S(G,UL,S)] =
[H2(G,CL,S)]
[X1S(G,UL,S)]
=
[CGL,S : Nm(CL,S)]
[CGL,S : CK,S]
This proves that
Theorem 3.12. There is an isomorphism
B
2
S(G,UL,S)
∼= CK,S/Nm(CL,S)
Using Proposition 3.3, we calculate the order of B2S(G,UL,S).
Corollary 3.13. We have
[B2S(G,UL,S)] =
eL/K,S
[UK,S : UK,S ∩ Nm(L×)]
The next result extends [Gon07, Thm 5.2].
Theorem 3.14. Suppose that L/K is a cyclic extension of degree n,
and that UK,S ⊂ Nm(L
×). Then
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(1) There are at least e′ ambiguous S-ideal classes in L that do not
arise from the S-ideal classes in K, where
e′ =
eL/K,S
gcd(n, eL/K,S)
(2) We have
[B2S(G,UL,S)] = [CK,S : Nm(CL,S)] = eL/K,S
Proof. Note that (2) follows immediately from Corollary 3.13 since the
hypothesis implies that UK,S ∩ Nm(L
×) = UK,S. In particular, (2)
implies that both B2S(G,UL,S) and CK,S/Nm(CL,S) are determined en-
tirely by the primes that ramify in L.
The same hypothesis also implies, by Theorem 3.9, that
X
2
S(G,UL,S)
∼= UK,S/Nm(UL,S)
The exact sequence (3.2) and Theorem 3.1 then imply that
[coker jL/K,S] = [H
1(G,CL,S)] = [B
1
S(G,UL,S)][UK,S : Nm(UL,S)]
The equation (3.4) can now be given as
n′ [coker jL/K,S] = e
′ [CGL,S : CK,S]
As before, since gcd(n′, e′) = 1, it follows that e′ divides [coker jL/K,S].
This proves (1). 
Now recall [Gon07, §7] that a nonempty set S of primes of K is large
relative to L/K if S contains all the infinite primes of K and all primes
that ramify in L/K. In this case, we have the following extension of
[Gon07, Thm 7.1].
Theorem 3.15. Suppose that L/K is a finite, cyclic extension of num-
ber fields of degree n with Galois group G, and let S be a finite set of
primes of K that is large relative to L/K (as defined above). Then
(1) There is an exact sequence
1→ H1(G,UL,S)→ ClK,S
jL/K,S
−−−−→ ClGL,S →X
2
S(G,UL,S)→ 1
(2) The map
j′L/K,S : ClK,S → Amst(L/K, S)
is surjective.
(3) The index [UK,S : Nm(UL,S)] is divisible by e
′, where
e′ =
∏
v∈S
nv
gcd(n,
∏
v∈S
nv)
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and nv = [Lw : Kv].
Proof. Since S is large relative to L/K, we have∏
v/∈S
e(v) = 1
so that
eL/K,S =
∏
v∈S
nv
It then follows from Theorem 2.5 thatH1(G, IL,S) is trivial. By Lemma
3.4, we have
X
1
S(G,UL,S)
∼= H1(G,UL,S)
By Theorems 3.1 and 3.5, this implies that
ker jL/K,S ∼= H
1(G,UL,S)
On the other hand, since B1S(G,UL,S) is also trivial, the exact sequence
(3.2) implies that there is an isomorphism
H1(G,CL,S) ∼= X
2
S(G,UL,S)
By Theorem 3.1, this implies that
coker jL/K,S ∼= X
2
S(G,UL,S)
This proves (1).
Since B1S(G,UL,S) is trivial, Theorem 3.11 implies that coker j
′
L/K,S
is also trivial. This proves (2).
Finally, since B1S(G,UL,S) is trivial, equation (3.4) shows that we
have
n′ [UK,S : Nm(UL,S)] = e
′ [CGL,S : CK,S]
where
e′ =
eL/K,S
gcd(n, eL/K,S)
=
∏
v∈S
nv
gcd(n,
∏
v∈S
nv)
It follows that the integer e′ divides the index [UK,S : Nm(UL,S)], thus
proving (3). 
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